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Abstract: In the present study, a programme of experimental investigations was carried 9 

out to examine the direct uniaxial tensile (and pull-out) behaviour of plain and fibre-rein- 10 

forced lightweight aggregate concrete. The lightweight aggregates were recycled from fly 11 

ash waste, also known as Pulverised Fuel Ash (PFA), which is a by-product of coal-fired 12 

electricity power stations. Steel fibres were used with different aspect ratios and hooked 13 

ends with single, double and triple bends corresponding to DRAMIX steel fibres 3D, 4D 14 

and 5D types, respectively. Key parameters such as the concrete compressive strength f lck, 15 

fibre volume fraction Vf, number of bends nb, embedded length LE and inclination angle 16 

ϴf where considered. The fibres were added at volume fractions Vf of 1% and 2% to cover 17 

the practical range and a direct tensile test was carried out using a purpose-built pull-out 18 

test developed as part of the present study. Thus, the tensile mechanical properties were 19 

established and a generic constitutive tensile stress-crack width − model for both plain 20 

and fibrous lightweight concrete was derived and validated against experimental data 21 

from the present studies and also previous research found in the literature (including 22 

RILEM uniaxial tests) involving different types of lightweight aggregates, concrete 23 

strengths and steel fibres. It was concluded that the higher the number of bends nb, vol- 24 

ume fraction Vf, and concrete strength flck, the stronger the fibre-matrix interfacial bond 25 

and thus the more pronounced the enhancement provided by the fibres to the uniaxial 26 

tensile residual strength and ductility in the form of work and fracture energy. A fibre 27 

optimisation study was also carried out and design recommendations made.  28 

Keywords: lightweight concrete; hooked-end steel fibres; constitutive tensile s-w model; 29 

uniaxial tensile behaviour; pull-out behaviour; fracture energy; ultimate bond strength; 30 

fibre optimisation 31 

 32 

1. Background Review 33 

1.1 Lightweight Aggregate Concrete  34 

Recently, there has been a rapid growth in concrete technology that is particularly 35 

directed towards sustainability and upgrading strength-to-weight ratio 1. Achieving the 36 

latter results in reduction in building mass which leads to savings in materials, construc- 37 

tion time and – crucially – reduction in costs and adverse effects of carbon emissions (in- 38 

cluding in the transportation of less materials). Therefore, the use of structural lightweight 39 

aggregate concrete (LWAC) as a replacement to the conventional heavier normal weight 40 
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concrete (NWC) counterpart helps achieve such goals. In addition, the lightweight aggre- 41 

gate used in this work is made from recycled waste and thus offers further reduction in 42 

CO2 emissions as well as being an alternative to depleting quarried natural resources 2. 43 

The recycled aggregates are made from fly ash waste (commonly known as LYTAG), 44 

which is a by-product of coal-fired electricity power stations 3. Fly ash, also termed Pul- 45 

verised Fuel Ash (PFA) is the ash resulting from the burning of pulverised coal in these 46 

power stations. Several studies support the environmental benefits provided by this PFA- 47 

based material and its effectiveness in reducing carbon emissions 4. Additionally, it 48 

should be noted that LWAC brings other advantages such as increased thermal insulation, 49 

noise absorption and fire resistance 5,6. Thus, the use of lightweight concrete can allow 50 

for taller and longer span structures and is also beneficial in situations when reduction of 51 

inertial loads is needed such as  in seismic zones 7,8,9,10. Nonetheless, despite these ben- 52 

efits, some disadvantages have been highlighted with the use of LWAC. One of the key 53 

shortcomings is the increased brittleness of lightweight concrete in comparison to the nor- 54 

mal weight counterpart, which is likely due to the porous concrete matrix and its poor 55 

aggregate interlock mechanism. This leads to a complete absence of strain softening mech- 56 

anism post cracking 2. Therefore, for plain LWAC, instantaneous failure is observed both 57 

in compression and tension at the material level once peak stress is reached. Similarly, a 58 

drastic reduction in shear capacity, excessive deflection and cracking due to the lower 59 

modulus of elasticity is expected at the structural level 11,12,13,14. Despite the fact that 60 

modern structural LWAC has been around for over several decades, its mechanical prop- 61 

erties have not been comprehensively researched, and the material and structural equa- 62 

tions defining its behaviour have been traditionally adapted from dated studies on NWC 63 

15,16,17,18,12,14. 64 

1.2 Steel Fibres 65 

To address the increased brittleness of LWAC, steel fibre reinforcement has emerged 66 

as a potential solution whose effectiveness has been proven in increasing ductility of other 67 

fibrous composites in the past 19,20,21,22,23. This is because one of the key benefits to 68 

steel fibres is enhancement to ductility. Their key advantage over conventional bar rein- 69 

forcement is the reduction in construction time, as they can conveniently be added to the 70 

concrete ready mix delivered, hence leading to economic and environmental benefits. 71 

Steel fibre reinforced concrete (SFRC) is also particularly useful for smaller cross-sectional 72 

elements and for sprayed concrete, e.g. shotcrete, which is commonly used in tunnel lin- 73 

ing. Another potential application is to relax the shear reinforcement spacing at beam ends 74 

[24] and in critical elements in seismic-resistant design such as beam-column joints [25], 75 

which can get congested with conventional bar reinforcement leading to practical con- 76 

struction difficulties. Hooked-end steel fibres are the most commonly used type and are 77 

usually made by cutting steel wire into short lengths and then cold-drawing them to create 78 

a hook shape at one end. This type of steel fiber is mainly used in structural applica- 79 

tions due to its improved bond properties with concrete (compared to straight fibres with- 80 

out ed hooks). The bond can be enhanced further by increasing the number of end hooks. 81 

The present study examines the performance of single and multiple end hook arrange- 82 

ments. Straight steel fibres on the other hand have a smooth surface that reduces friction 83 

(and bond with concrete as a consequence). They are usually used in thin concrete struc- 84 

tures such as precast concrete panels and overlays, and in applications with less demand- 85 

ing structural performance.    86 

Although somewhat limited, research studies on fibrous lightweight concrete have 87 

been reported for several years 26. However, at present, there are hardly any international 88 

standards specific to steel fibre reinforced lightweight concrete (SFRLC) with current 89 

guidelines being usually adapted from fibrous normal weight concrete (SFRC). The 90 
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practical application of steel fibre reinforcement in lightweight concrete is still in its in- 91 

fancy, is largely carried out at the structural level only in the form of case studies that 92 

largely involved lightweight aggregates (such as pumice stone and oil palm aggregates) 93 

different to the ones investigated in the present research work 22,23,27,28,29. The recycled 94 

PFA-based aggregates used herein are well established for structural use by the construc- 95 

tion industry, so they represent a good benchmark to test the addition of fibres and mean 96 

that the ensuing findings and recommendations will be useful to current practice. It 97 

should also be borne in mind that coal-fired power generation remains the largest contrib- 98 

utor of energy in the world 32, even with decommissioning of coal plants there is still 99 

large historical waste. Therefore, the present comprehensive study on fibrous recycled 100 

PFA-based lightweight aggregate concrete is particularly beneficial in providing sustain- 101 

able design solutions for the rapidly developing fibrous concrete technology. The present 102 

study is part of a large experimental programme which examined the structural behaviour 103 

of steel-fibre-reinforced recycled PFA-based lightweight concrete at both the material and 104 

structural levels [30]. The compression structural responses of SFRLC were examined in 105 

an earlier publication [31]. The present article is focused on the series of tests that were 106 

carried out to investigate the uniaxial tensile and pull-out behaviour of lightweight con- 107 

crete reinforced with different hooked-end steel fibres at fibre volume fraction Vf of 1% 108 

and 2%. 109 

1.3 Tensile Behaviour and Limitations of Existing Research  110 

Under tensile loading, as the principal tensile stress applied exceeds the ultimate ten- 111 

sile resistance of plain concrete, microcracks start to form and morph into a single larger 112 

macrocrack, which eventually leads to concrete failing in tension, thus releasing the stored 113 

energy of the system 33. When fibres are added, a crack-arresting action takes place once 114 

cracks have formed, then fibres create a bridge between the ends of the crack to resist its 115 

extension. However, as the principal tensile stress grows and due to sliding friction, the 116 

fibres may end up being pulled-out or ruptured depending on the number of fibres cross- 117 

ing the crack (which providing a good mixing process, usually correlates with the fibre 118 

volume fraction Vf) and the fibre-matrix interfacial bond strength. The latter is largely 119 

governed by the geometry of fibre, its tensile strength, mechanical anchorage, embedment 120 

length, inclination angle and concrete strength. These factors govern the post-crack be- 121 

haviour of fibrous concrete. Researchers such as Löfgren 34 and Lee et al. 35 detailed this 122 

behaviour for fibrous normal weight concrete, which benefits from the combined effect of 123 

fibre reinforcement and residual effect of aggregate interlock mechanism once crack de- 124 

velops. Given that the aggregate interlock mechanism is expected to be negligible for 125 

lightweight concrete, this effect might be different for fibrous lightweight concrete in the 126 

post-cracking phase. 127 

Indirect tensile tests to investigate the flexural tensile behaviour of fibrous concrete 128 

can be found in the literature 7,19,27,29,36,37,38,39. It is established that the addition of 129 

steel fibres upgrades the flexural behaviour of lightweight concrete. However, the uniaxial 130 

tensile behaviour of fibrous lightweight concrete has not been thoroughly investigated to 131 

establish analytical models. This important aspect has been addressed in the present re- 132 

search work because, unlike flexural testing, the direct uniaxial tensile testing offers the 133 

ideal results required to understand the tensile pre- and post-cracking behaviour of con- 134 

crete and the interaction of LWAC with fibres. Currently, limited comprehensive studies 135 

were found in the literature that is focused on the investigation of the uniaxial tensile 136 

stress-strain (σ-ε) or stress-crack width (σ-ω) behaviour and pull-out behaviour of SFRLC. 137 

Amongst all available research examined, it seems that only Grabois et al. 23 and Mo et al. 138 

40 carried out direct uniaxial tensile tests on lightweight concrete using dog-bone test [41] 139 

and RILEM TC 162-TDF uniaxial test 42, respectively. They reported an increase of 140 
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uniaxial tensile residual strength with hooked-end steel fibre reinforcement with Vf ≤ 0.5% 141 

and Vf < 1% compared to plain LWAC, respectively. Grabois et al. 23 showed a stress- 142 

strain relationship while Mo et al. 40 only estimated the tensile strength. Moreover, there 143 

seems to be a lack of thorough investigation on pull-out tensile behaviour of fibrous PFA- 144 

based lightweight aggregate concrete, especially with modern multi-bend fibres like the 145 

ones used in the prrsent study. 146 

Therefore, the present research work serves to offer more clarity and understanding 147 

on the uniaxial tensile and pull-out behaviour of steel-fibre-reinforced lightweight 148 

concrete and presents valuable additional experimental data to enrich the current 149 

available literature. This culminated in derving tensile properties including tensile σ-ω 150 

constituitive models for SFRLC, fracture energy Gf and bond strength. It also led to the 151 

development of a fibre optimisation study based on different hooked-end steel fibre types, 152 

geometries and contents and plain lightweight concrete compressive strengths. 153 

3. Experimental Study 154 

The mixing process, materials, grading, vibration, curing and specimen preparation 155 

were all detailed in a preceding paper, which was focused on the compression behaviour 156 

of SFRLC [31] as part of a comprehensive experimental research programme [30]. For the 157 

sake of completeness and to avoid repetition, only new data are presented herein. 158 

3.1. Material Properties 159 

The material chemical and geometrical properties of cement, natural sand and PFA- 160 

based coarse aggregates used in the experiments were detailed elsewhere [30,31].  161 

Recycled sintered pulverised fly ash aggregates were used as the coarse aggregate of 162 

the lightweight concrete in the present experimental study. The fly ash is a by-product of 163 

coal-fired electricity power stations 3. The aggregates (4-14 mm) are brown, roughly 164 

spherical with a honeycomb structure of interconnected voids. They have a specific grav- 165 

ity of about 1.8 and water absorption of up to 15%. Natural sharp sand with a maximum 166 

aggregate size of 4.75 mm was used as the fine aggregate of the concrete. In the present 167 

study, Dramix hooked-end (single-bend) 3D fibres with different aspect ratios were incor- 168 

porated as reinforcement for the pull-out specimens. The fibres tested in this work are 169 

shown in Error! Reference source not found., while their geometrical properties which 170 

were adapted from Abdallah et al. 43,44 are shown in Error! Reference source not found.. 171 

A schematic representation of the parameters shown in Error! Reference source not 172 

found. is depicted in Error! Reference source not found.. It should be noted that hooked- 173 

end 3D fibres were regarded as the control fibres during the experimental programme. 174 

The rest of the fibres were used in order to evaluate the effects of different fibre geometries, 175 

bends, lengths and diameters on the behaviour of lightweight concrete. 176 
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Figure 1. Fibres used in this work. 178 

Table 1. Properties of hooked-end fibres used 45. Geometrical properties of hooks are adapted from 179 

43 and 44. 180 

Fibre 

Type 

σu 

(MPa) 

eu 

(%) 

E 

(GPa) 

σy  

(MPa) 

Lf 

(mm) 

df 

(mm) 

L1 

(mm) 

L2 

(mm) 

L3 

(mm) 

L4 

(mm) 

ϴ1 

(°) 

ϴ2 

(°) 

β 

(°) 

3D 1160 0.8 210 775-985 60 0.9 2.12 2.95 - - 45.7 - 67.5 

3D* 1225 0.8 210 775-985 60 0.75 - - - - - - - 

3D** 1345 0.8 210 775-985 35 0.55 2.55 2.22 - - 38.3 - 70.9 

4D 1500 0.8 210 1020 -1166 60 0.9 2.98 2.62 3.05 - 30.1 30.8 75 

5D 2300 6 210 1177-1455 60 0.9 2.57 2.38 2.57 2.56 27.9 28.2 76 

 181 

 

 

 

 

Figure 2. Schematic representation of parameters shown in Error! Reference source not found. 182 

(adapted from 43). 183 

3.2. Properties of Mixes 184 

In addition to the 4 mixes cast in the preceding study on compressive behaviour 185 

[30,31], mixes 1-3D* and 1-3D** were added with fibres 3D* and 3D**, respectively (as 186 

summarised in Error! Reference source not found.). 187 

Table 2. Mix design. 188 

Mix Vf (%) Fibre  flck /flck,cube 
Cement 

(kg/m3) 

Sand 

(kg/m3) 

PFA-based 

aggregates 

(kg/m3) 

Effective water 

(kg/m3) 

1-3D 3D LC30/33 370 592 635.6 175 

ϴ1 ϴ1 

ϴ1 ϴ2 ϴ2 

L2 

L1 

 

3D 

L2 
L3 

L1 

 

 

4D 

L2 
L3 

L1 

L4 

 

 

5D 

ϴ1 

ϴ1 

ϴ2 

ϴ1 
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1-3D* 

1-2 (80-

160kg/m3) 

3D* 

1-

3D** 
3D** 

1-4D 4D 

2 3D LC35/38 420 546 

3 5D LC40/44 480 485 

3.3. Test Method for Pull-Out Test 189 

In this section, the details of the design and method of uniaxial tensile pull-out tests 190 

on notched prisms are provided. Uniaxial compression cube and cylinder tests with their 191 

setups and instrumentations were detailed in an accompanying paper [30,31]. For the 192 

pull-out tests, each mix included two repeated notched prisms specimens per volume 193 

fraction Vf dosage. Building on the previous experimental study by Robins et al. 46, a di- 194 

rect uniaxial tensile pull-out test was designed in the present study, which can be used for 195 

both plain and fibrous concrete. The aim was to investigate the effect of the embedded 196 

fibres on the uniaxial tensile stress-crack width response of lightweight concrete. The main 197 

difference between the test setup proposed herein and the one by Robins et al. 46 is that 198 

for the latter the steel fibre is embedded in concrete on one end and in a high strength 199 

mortar on the other end, to grip the fibres and practically prevent their movement on that 200 

side, while the fibre in the proposed test setup is embedded in the lightweight concrete 201 

matrix on both ends. Hence, Robins et al. test 46 is practically similar to the conventional 202 

single fibre pull-out test shown in other previous studies 47,48,49. 203 

The designed uniaxial tensile pull-out test adopted in this work (depicted in Error! 204 

Reference source not found.) carries several advantages. First, it mimics to a large extent 205 

a truer representation of the behaviour of steel fibres bridging a crack in a real structural 206 

element as compared to the classic pull-out tests explained earlier, since fibres are com- 207 

pletely embedded in lightweight concrete, while the crack is not predefined but induced 208 

by a reduced section (notch) spanning 10 mm in the middle of the specimen. The reason 209 

for designing this notch is to allow continuity of lightweight concrete constituents of the 210 

specimen (sand, PFA-based aggregates and cement) through the notch at which breakage 211 

is thus ensured. Also, the notch allows the introduction of embedment length LE as a var- 212 

iable and enables the specimen to be monitored in the middle section in terms of load-slip 213 

behaviour. Since the crack is not predefined, it was possible to derive LWAC and SFRLC 214 

peak tensile cracking load when the behaviour is elastic. Secondly, by taking into consid- 215 

eration Vf in the effective area of the cylinder around the embedded fibre, this test can be 216 

regarded as both a fibre pull-out and a uniaxial tensile test. Similarly to the previous ex- 217 

perimental study by Robins et al. 46, the effective area of the notched cylinder through 218 

which the fibre is embedded was determined using numerical and statistical models 219 

which depend mainly on fibre geometry and fibre volume fraction 50,5152. Thereby, the 220 

diameter of the notch was calculated to be 12 mm and is corresponding to V f = 1% for 221 

DRAMIX hooked-end fibres of df = 0.9 mm (3D, 4D and 5D). It should be noted that to test 222 

the concrete for Vf = 2%, simply another fibre was added. The fibre spacing was equal in 223 

the notch.  224 
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 225 

Figure 3. Proposed notched prism being tested in the direct uniaxial tensile pull-out machine. 226 

Based on the concrete fibre-matrix interfacial properties which are directly affected 227 

by the densification of the matrix and water/cement (w/c) ratio of concrete (which influ- 228 

ence the compressive strength), fibre content Vf, aspect ratio af, mechanical anchorage 229 

(number of bends or hooks), embedment length LE, orientation angle, dispersion and ten- 230 

sile strength 464953,54, the stress-crack width relationship was derived. The aforemen- 231 

tioned factors govern the bond-slip behaviour between concrete and fibres, which in turn 232 

influences the tensile behaviour both at the material and structural levels of SFRLC. Hence, 233 

the evaluation of the results of this test explicitly enable the prediction of the behaviour of 234 

SFRLC members such as beams and slabs. It should be noted that 2 moulds with different 235 

dimensions were designed to test 2 different types of pull-out notched prism specimens 236 

for each mix (shown in Error! Reference source not found.). The pull-out notched prism 237 

specimens were produced using both moulds A and B.  238 

  239 

Figure 4. a- Mould (A) and b- Mould (B). 240 

Each mould contained 2 identical chambers. The differences in dimensions between 241 

mould A and B are shown in Error! Reference source not found.. The reason behind test- 242 

ing 2 different types of notched prisms in pull-out was to ensure developing an accurate 243 

and realistic stress-crack width relationship of fibrous lightweight concrete independent 244 

of the size effects of the specimen used and thus can be applied to any structural member. 245 

Preliminary trials showed that both moulds yielded similar results for identical specimens 246 

in terms of pull-out load-slip behaviour and failure patterns. Therefore, the stress-crack 247 

width relationship derived based on these tests can be applied directly to FE models un- 248 

like the more common stress-strain relationship which usually requires calibration or the 249 

study of the structural characteristic length lcs, which is used to derive strain ε with ε = ω/ 250 

lcs. To prepare the pull-out specimen before casting, the fibre was positioned at the notch 251 

a b 
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for the chosen LE and the required inclination angle to the load, using fixed fine suspended 252 

cables mechanically attached to the fibre. These were removed once concrete was cast to 253 

avoid any potential interference with the results. 254 

  255 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5. The dimensions of 1 chamber in pull-out mould A and B. Values between brackets are for 256 

mould B dimensions only. All dimensions are in (mm). 257 

During the pull-out test photographed in Error! Reference source not found., as the 258 

2 short rigid carbon steel bars (embedded at the ends of the specimen) were being pulled 259 

in opposite directions using machine grips, the cylindrical concrete volume through 260 

which the fibre was embedded became subjected to pure unidirectional tension. The em- 261 

bedded carbon steel bars had enlarged ends and were further prevented from potential 262 

slip with steel washers attached to their heads. Although possible slip of small steel bars 263 

might occur before concrete cracking, both concrete blocks embedding the two hooked 264 

ends of the fibre were assumed to be rigid following concrete cracking. Since the bond of 265 

the carbon steel bar with the lightweight concrete matrix is higher than that of hooked- 266 

end steel fibres, the pull-out response of the fibrous lightweight concrete specimen was 267 

designed to only occur along the fibre and the surrounding concrete. These assumptions 268 

were found to be correct, as shown in the results section. The tensile machine was cali- 269 

brated and fitted with a sensitive displacement transducer capable of accurately measur- 270 

ing the slip once the crack was initiated. The pull-out specimen was carefully placed in 271 

the tensile testing machine with a maximum load cell capacity of 20 kN, where the two 272 

carbon steel bars from each end were securely gripped in a way to disallow any superflu- 273 

ous slip. While one end was fixed, the other end was gradually pulled in tension at a dis- 274 

placement-controlled loading rate of 1 mm/min with 2 readings recorded every 1 sec.  275 

Cao and Yu 55 found that the embedment length plays a dominant role on the be- 276 

haviour of fibre pull-out as a short embedment length at inclination angle of 30° degrees 277 

Gripped short  

Carbon Steel bar 

110(170) 

50(80) 50(80) 10 

19(22) 

19(22) 

Slotted Hooked-end fibre  

Positioned horizontally 

38 
10 25(55) 15 

5 

50(56) 

25(28) 

25(28) 

5 

Steel bar 

Opening to lower carbon  

steel bar and hold it in place. 

Diamter of the concrete  

12mm for Vf = 1%  
25(28) 

25(28) 
Hooked-end fibre passing 

through the middle of the 

concrete.  
Side View of the Mould Middle Slot Cross-Section 

Elevation View of the Mould 
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for ultra-high-performance concrete caused matrix fracture failure. Robins et al. 46 also 278 

suggested that unless embedment length is higher than the hooked-end length, the pull- 279 

out load is reduced. Abdallah et al. 49 concluded that the embedment length had no influ- 280 

ence on the pull-out strength but merely increased the slip and ductility. Hence, it is im- 281 

portant to investigate the effect of LE on SFRLC. For instance, although 30 mm embedment 282 

length maximises the frictional fibre pull-out for 3D fibres used (df = 60 mm), it is thought 283 

that an embedment length  LE = 30 mm can lead to an unrealistically favourable case of 284 

uniaxial tensile tests, as in a real structural member cracking can manifest anywhere along 285 

the fibre and is more likely to occur at a shorter embedment length. Thus, the embedment 286 

length was initially fixed at 30 mm, 20 mm and 10 mm for different specimens based on a 287 

crack that is expected to take place in the middle of the 10 mm notch. 288 

An angle of 0° to the load is considered as the most unfavourable in a hooked-end 289 

fibre pull-out test due to the lowest possible frictional resistance and the shortest required 290 

length for fibre straightening (only hooks will be straightened) before being pulled-out. 291 

Consequently, the fibre stress developed during pull-out will be lower than the maximum 292 

stress capacity of the fibre. If the angle was too large, concrete matrix fracture failure could 293 

also develop due to the matrix spalling caused by the snubbing effect along the bent part 294 

of the steel fibre 55. Depending on fibre tensile strength, in theory as the angle to the load 295 

is increased, frictional resistance is increased which resulted in an increase in uniaxial ten- 296 

sile strength of SFRLC until reaching the maximum tensile strength of fibre leading to 297 

rupture, so long as the concrete matrix does not break due to the concentrated normal 298 

force from the fibre and given that the embedment length does not reduce to the point 299 

where the hook is not well bonded. Recent research on ultra-high-strength concrete by 300 

Cao and Yu 55 revealed that the inclination angle for maximum pull-out load can be 301 

around 20°-30° to the horizontal (and 10°-20° for Robins et al. 46), provided that fibre ten- 302 

sile strength is high enough to prevent fibre rupture and the matrix is strong and dense 303 

enough to prevent matrix fracture. Since the lightweight concrete used is not as dense as 304 

ultra-high-strength or normal weight concrete and that LWAC is known to have air pores, 305 

and for design purposes 56, it was decided that an angle of 0° was to be adopted as the 306 

base for design in the pull-out tests, while  a few specimens with other angles were tested 307 

for completeness.  308 

Finally, the aspect ratio which is defined as Lf/df can also impact the pull-out behav- 309 

iour. It was found that the longer the fibre, the more efficient the crack bridging 43. Based 310 

on all the above observations, the testing programme comprised an extensive fibre pull- 311 

out investigation which considered the following parameters: Vf = 0, 1 and 2%, flck = 30, 35 312 

and 40 MPa, Lf/df = 65 and 80, df = 0.55, 0.75 and 0.9 mm, Lf = 35 and 60 mm, number of 313 

fibre hooks or bends nb = 1(3D), 2(4D) and 3(5D), and inclination angles of 20° and 45°. 314 

Also, 3D and 5D fibres with hooks being cut off were tested to check the viability of mixing 315 

straight fibres of different tensile strengths with lightweight concrete and to quantify the 316 

contribution of the hooks on the pull-out behaviour. 317 

4. Results and Discussion 318 

The workability, density and uniaxial compressive cube strength results were de- 319 

tailed in an accompanying paper for mixes 1-3D, 1-4D, 2 and 3 [30,31]. The additional 320 

mixes 1-3D* and 1-3D** showed similar workability, density properties and compressive 321 

strength results to mix 1-3D and these results are summarised in Error! Reference source 322 

not found. (data for convenience mixes 1-3 also included). To avoid repetition, the inter- 323 

pretation of the results and trends can be directly adopted from the accompanying paper 324 

[30,31]. In summary, it was found that the mechanical properties were improved with the 325 

addition of fibres, and the density was largely unaffected, which is important for LWAC 326 

applications. On the other hand, the workability was significantly reduced with the 327 

Commented [M1]: Please check if this should be 

Table 3. 

Commented [AA2R1]: Corrected to Table 3. 
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addition of more than 2% volume fraction of fibres. This further emphasises that for fi- 328 

brous mixes, fibre dosage should not exceed Vf = 1.5 - 2% based on workability challenges 329 

if no superplasticisers or water reducing agents are used. It also appears that the mixes 330 

having fibres with more extensive hooks held the slump together more tightly which led 331 

to lower slump values than those mixes having fibres with less extensive hooks. It should 332 

be noted that mix 1-3D** with the shortest fibres 3D** exhibited the highest slumps and 333 

highest densities amongst all mixes. 334 

Table 3. Mean values of Slump, water saturated density (oven dry density with *), cube compressive 335 

strength average values for mixes 1-3. Standard Deviation between brackets. 336 

Mix 
flck 

(MPa) 
Fibre 

Slump (mm) Density (kg/m3) flcm,cube (MPa) 

Plain 
Vf = 

1% 

Vf = 

2% 
Plain Vf = 1% Vf = 2% Plain 

Vf = 

1% 

Vf = 

2% 

1-3D 30 3D 91 (7.6) 
66 

(3.1) 

32 

(5.2) 

1981 (124) 

*1723 (159) 

1992 (182) 

 

1979(133) 37 

(3.1) 

37 

(4.1) 

38 

(3.2) 

1-3D* 30 3D* 96 (8.1) 
57 

(3.1) 

31 

(2.8) 

1968 (144) 

*1693(163) 
1963 (161) 1979(189) 

39 

(2.2) 

41 

(3.8) 

40 

(3.1) 

1-3D** 30 3D** 103 (10.2) 
87 

(4.4) 

42 

(4.6) 

2001 (137)  

*1731(122) 
1991 (149) 1986(173) 

37 

(5.1) 

38 

(2.9) 

37 

(6.3) 

1-4D 30 4D 98 (11.2) 
49 

(3.3) 

26 

(4.1) 

1998 (166) 

*1777 (172) 

1962 (171) 1951(111) 36 

(4.3) 

37 

(3.8) 

34 

(4.2) 

2 35 3D 86 (7.2) 
46 

(6.1) 

28 

(2.1) 

2000 (178) 

*1786 (153) 

1988 (182) 1963(121) 45 

(5.6) 

42 

(3.8) 

44 

(3.2) 

3 40 5D 88 (4.9) 
42 

(1.3) 

20 

(2.6) 

1954 (121) 

*1712 (142) 

1936 (168) 1917(167) 50 

(6.8) 

49 

(4.2) 

51 

(3.1) 

4.1. Pull-Out Load-Slip Behaviour 337 

A fully straightened hooked-end 3D fibre photographed at the end of testing is 338 

shown in Error! Reference source not found.. It can be seen that the effective cylinder 339 

through which the fibre was embedded contained aggregates as well as cement and sand 340 

at the notch through which the fibre was centred. This proves that the mould used, and 341 

the testing design adopted, were adequate at mimicking the realistic behaviour of SFRLC 342 

at the crack.  343 

 344 
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Figure 6. Pull-out specimen at the end of testing. 345 

Error! Reference source not found. depicts the pull-out load-slip behaviour of some 346 

key specimens tested (with the salient features summarised in Error! Reference source 347 

not found.). Overall, the behaviour of SFRLC specimens in pull-out can be summarised 348 

in the following stages. Initially, an elastic stage takes place until the point of cracking. 349 

This point approximately coincides with the load at which plain concrete would fail in 350 

uniaxial tension and is roughly the case for all the specimens tested of similar concrete 351 

grade regardless of the type of fibre or fibre volume fraction. This shows that the fibres 352 

have insignificant effect on the elastic uniaxial tensile behaviour of SFRLC and only be- 353 

come active once concrete cracks. In the absence of any innate tension stiffening mecha- 354 

nism such as in the case of brittle plain lightweight concrete, a sudden drop in load to 0 is 355 

seen (which is the case for the plain concrete specimen, i.e. Vf = 0%, in Error! Reference 356 

source not found.).  357 

 358 

Figure 7. Mean pull-out load-slip behaviour of key specimens tested. 359 

With the incorporation of steel fibres however, the plain lightweight concrete peak 360 

tensile strength where the principal crack is fully formed is followed by a drop then in- 361 

crease in load. This behaviour largely agrees with uniaxial tensile tests on SFRC carried 362 

out by Barragán et al. 57 and Abdallah et al. 43 and pull-out tests by Robins  et al. 46. This 363 

marks the fibre bridging phase, which is initially characterised by an elastic behaviour 364 

followed by fibre debonding where gradual loss of frictional bond between the fibre and 365 

matrix is seen. Afterwards, the activation of mechanical hooking is initiated. This behav- 366 

iour was also reported by Qi et al. 56. This results in an increase in the peak residual tensile 367 

load due to fibre reinforcement only. This load is mainly affected by concrete strength, 368 

fibre mechanical anchorage (number of hooks), fibre diameter, fibre tensile strength and 369 

inclination angle. Also, if the embedment length is not adequate to cater for hook straight- 370 

ening and thus mobilisation of the maximum possible fibre stress for the composite, the 371 

peak load can be reduced drastically due to the possibility of matrix cracking at hook ends. 372 

Maintaining this load solely relies on the bond between the steel fibres and concrete. Dur- 373 

ing this stage, the fibre undergoes plastic deformation at hooks and plastic hinges are de- 374 

veloped. The maximum number of plastic hinges at the maximum load become active (2 375 

for 3D, 3 for 4D and 4 for 5D). This stage is followed by stress relaxation which is charac- 376 

terised by full hook straightening and deactivation of plastic hinges. Finally, frictional fi- 377 

bre-matrix pull-out occurs and the test ends with the fibre being completely pulled out. 378 
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Table 4. Average deformation histories of uniaxial tensile pull-out test. 1 fibre at angle 20°; 2 fibre at 379 

angle 45°; 3 concrete fractured; 4 hook-less 5D fibre; 5 hook-less 3D fibre; 6 slip at maximum pullout;7 380 

ultimate slip where fibre has pulled-out. 381 

flcm 

(MPa) 

Vf 

(%) 

Fibre 

type 
LE (mm) Pmax (N) 

Δmax6 

(mm) 

Contribution of fibre [interval] 

(mm) Δu7 (mm) 

Hook Pull-out 

30.1 0   244 0.8   0.8 

36.5 0   267 0.73   0.73 

44.1 0   320 0.68   0.68 

33.3 1 3D 18.41 265 1.6 [1, 6] [6, 19.2] 19.2 

32.8 1 3D 23.5 266 1.2 [0.6, 6.6] [6.6, 24] 24 

35.0 2 3D 24 570 1.6   24.5 

34.9 1 4D 24.4 615 3.1 [0.6, 9.3] [9.3, 25] 25 

34.6 2 4D 23.4 1020 3.4   23.8 

34.3 1 4D1 18.7 625 6 [0.42, 9.2] [9.2, 19.1] 19.1 

34.1 1 4D2 19 690 8.1 [1.1, 8.1]  8.1 

36.2 1 3D 12.9 326 1.8 [1.4, 6.4] [6.4, 13.9] 13.9 

34.6 1 5D 25 662 4.5 [2.5, 12.5] [12.5, 26] 26 

44.1 1 5D 14.45 705 2.8 [1.1, 11.1] [11.1, 15.1] 15 

44.1 1 5D3 11 520 3.2 [1, 5]  12 

31.5 0.7 3D* 21.7 316 1.6 [1.35, 6.3] [6.3, 23] 23 

31.0 0.4 3D** 14 92 9.4 [7.2, 12.4] [12.4, 14.4] 14.4 

38.2 1.2 3D** 13.6 236 2.2   14 

32.4 1 5D4 14.8 30-56 1.2  [0.4, 15.2] 15.2 

32.4 1 3D5 20.8 34-52 0.42  [0.4, 23] 21.4 

4.1.1. Effect of Number of Bends nb 382 

To investigate the effect of the number of fibre bends or hooks, specimens with 3D, 383 

4D and 5D fibres with Vf = 1% were all compared. All fibres had an embedded length of 384 

approximately LE = 25 mm (which was established before the test), an identical aspect ratio 385 

Lf/df = 65 and similar compressive strengths. A maximum pull-out strength of Pmax = 267 386 

N was recorded for the 3D sample while Pmax = 615 N and Pmax = 662 N were recorded for 387 

both 4D and 5D samples, respectively. Although not only the number of bends differed 388 

between the 3 fibres but also the maximum fibre tensile strength, the 3D and 4D samples 389 

failed after complete straightening of bends while 5D samples showed partial straighten- 390 

ing of bends, then all fibres pulled out without fibre rupture taking place. This suggests 391 

that the number of bends or hooks is the most influential factor in the behaviour of fibrous 392 

lightweight concrete (with the same fibre aspect ratio, and shows that a higher number of 393 

bends or hooks may lead to higher pull-out strength since more plastic hinges are devel- 394 

oped and more bend straightening is required due to developing a better concrete-fibre 395 

bond. Also, it can be observed that the post-cracking ductility increases with the increase 396 

of the number of bends, as the load can be maintained at a high stress level for a longer 397 

duration of the test. It should be reminded however that most 5D hooks appeared to not 398 

be straightened completely after pull-out (Error! Reference source not found.). The rea- 399 

sons behind partial hook straightening of 5D fibre will be further investigated in 0. 400 
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 401 

Figure 8. 5D hook not fully straightened following the pull-out test. 402 

4.1.2. Effect of Fibre Aspect Ratio af 403 

To investigate the effect of fibre aspect ratio af (defined as Lf/df), the 3D* fibre with af 404 

= 80 (Lf = 60 mm, df = 0.75 mm) was tested. The 3D* fibre had nearly identical properties 405 

including the maximum fibre tensile strength, length and geometrical hooks to those of 406 

the control 3D fibre with af = 65 (Lf = 60 mm, df = 0.9 mm). However, the 3D* fibre devel- 407 

oped a maximum pull-out strength of P = 316 N which is 15% higher than that of the 408 

control 3D fibre. This shows that a higher aspect ratio leads to developing a higher tensile 409 

strength. 410 

4.1.3. Effect of Fibre Length Lf 411 

To study the effect of fibre length, 3D** fibre with aspect ratio af = 65 (Lf = 35 mm, df = 412 

0.55 mm) was tested. The 3D** fibre has an almost identical hook length to 3D fibre and a 413 

slightly higher maximum fibre tensile strength. This fibre proved to be somewhat the 414 

weakest as it generated a pull-out force of only P = 92 N. Hence, the longer the fibre the 415 

more efficient the crack arresting mechanism. This agrees well with Abdallah et al. 43 find- 416 

ings.  417 

4.1.4. Effect of Fibre Dosage Vf 418 

To study the effect of increasing fibre dosage, mixes of similar fibre types are com- 419 

pared for different fibre volume fraction Vf = 1% and 2%. For 3D fibres, the pull-out 420 

strength was recorded to be P = 570 N at Vf = 2% which is 53% higher than the correspond- 421 

ing pull-out strength at Vf = 1%. Whereas, for 4D and 5D fibres the increase in strength 422 

(when Vf  was raised from 1% to 2%) was calculated to be 44% and 50%, respectively. This 423 

enhancement was expected since the fibre dosage was doubled. 424 

4.1.5. Effect of Compressive Strength flck 425 

To examine the effect of lowering the concrete grade, specimens with compressive 426 

strength flck = 40 MPa reinforced with 5D fibres were tested. When their pull-out behaviour 427 

was compared to that for concrete specimens with flck = 30 MPa (also reinforced with 5D 428 

fibres), the pull-out tensile strength developed was 7% higher for the higher concrete 429 

grade. Hence, increasing the concrete grade by increasing cement content and reducing 430 

w/c ratio leads to a reduction in air pores around the embedded hooks, which increases 431 

the mechanical bond strength. This behaviour is also reported by Abdallah et al. 49. 432 

4.1.6. Effect of Embedded Length LE  433 

To examine the effect of varying the embedment length LE on the tensile strength, 434 

mixes sharing the same properties (flck = 30 MPa, Vf = 1%, 3D) but with different embedded 435 
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lengths (LE,1 = 18.4 mm and LE,2 = 23.5 mm) were compared. For both specimens, a similar 436 

pull-out load Pmax ≈ 265 N was measured, albeit the specimen with higher embedded 437 

length provided higher ductility. The latter will be inspected by calculating Pull-out work 438 

done in Section  0. It is interesting to observe that some specimens experienced concrete 439 

fracture then pull-out at the hook’s location such as the specimen with properties: flck = 30 440 

MPa, Vf = 1%, 5D. Error! Reference source not found. shows a concrete specimen fractur- 441 

ing outside the notch. For this particular sample, the embedded length was only 12 mm 442 

while the hook length is approximately 10.1 mm for 5D fibres. Therefore, the embedment 443 

length LE was deemed insufficient. Another identical specimen with LE = 14.45 mm was 444 

seen to be capable of undergoing the complete hook straightening before being pulled- 445 

out. Therefore, altering the embedment length of the hooked-end fibres for lightweight 446 

concrete has no practical effect on the maximum pull-out strength, but merely increases 447 

the ductility via frictional pull-out as long as LE provides enough hook bond (i.e. when LE 448 

~ Lh + 4.5 mm with Lh being the hook length). This phenomenon was also observed with 449 

3D and 4D fibres. Hence, if the fibre diameter df is to be factored into the previous equa- 450 

tion, then LE = Le ~ Lh + 5df, with Le as the length required to develop the maximum pull- 451 

out strength of fibre based on pull-out tests. This finding also agrees with Abdallah et al. 452 

49 observations, who recommended LE = Lh + 5 mm for developing maximum pull-out 453 

load Pmax. 454 

 455 

Figure 9. Concrete fracture outside the notch. 456 

4.1.7. Effect of Fibre Inclination Angle ϴf 457 

To study the effect of the orientation angle which is the angle between the tensile load 458 

applied and the fibre, 4D fibres at angles 20° and 45° were tested and plotted (Error! Ref- 459 

erence source not found.). It can be seen that the specimen whose fibre was oriented at 460 

45° failed in concrete fracture similar to the specimens with inadequate embedded length, 461 

although it developed a higher pull-out tensile strength of P = 690 N than its counterparts. 462 

By contrast, a pull-out strength of only P = 626 N was recorded for the specimen with an 463 

orientation angle of 20°. However, the latter failed in a ductile fibre pull-out mode. This 464 

pull-out strength is 11 N higher than that developed by the control specimen of flck = 30 465 

MPa, Vf = 1% and fibre 4D with an orientation angle of 0°. Hence, it can be deduced that 466 

by increasing the orientation angle, the load increases and takes place at a larger slip. If 467 

the angle is too high and the concrete is not dense enough, the concrete can fracture and 468 

fail in a brittle manner. These findings agree with Robins et al. 46 study, with the exception 469 

that the fibres used in that work ruptured at a higher inclination angle. However, in the 470 

present work the concrete fractured. This could be attributed to the enhanced tensile 471 

strength of the 4D fibres as compared to the fibres mixed in the experiments carried out 472 
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by Robins et al. 46 coupled with the porous nature of LWAC which could induce cracking 473 

and fracturing much more readily. 474 

 475 

Figure 10. Pull-out load-slip behaviour with different orientation angles for 4D specimens. 476 

It is important to note that for some specimens such as the one showed in Error! Ref- 477 

erence source not found. with orientation angle 0°, the load increased to an unexpected 478 

value (in this example 590 N) before any activation of fibre pull-out. This value is thought 479 

to be overly high for concrete in tension of flck = 30 MPa which usually was of pull-out 480 

strength Pmax = 244 N. Upon inspection of the pulled-out specimen after the test, it was 481 

observed that a lightweight aggregate positioned at the notch was split which led to a 482 

drastic increase in the load. It was also interesting to measure that the aggregate had a 483 

diameter of almost 5 mm (Error! Reference source not found.), i.e. 7 mm smaller than that 484 

of the notch, which should not force the crack to go through it. However, this can be jus- 485 

tified, since for other material tests such as compression tests - detailed in the earlier paper 486 

[30,31], some of the aggregates were sheared through in a similar manner. In the same 487 

test, this was followed by a sudden drop of load before fibre activation took place.  488 

 489 

Figure 11. A pull-out specimen with a split 5 mm aggregate at the notch. 490 

4.1.8. Adequacy of Smooth Fibres 491 

In order to investigate the possibility of mixing lightweight concrete with straight 492 

smooth round fibres, 3D and 5D fibres with hooks being cut off were tested, with the en- 493 

suing results depicted in Error! Reference source not found.. The difference in embedded 494 

length is due to the longer 5D hooks (about 10 mm for each hook which resulted in 40 mm 495 

fibre remaining straight length), compared to the 3D hooks (about 5 mm for each hook 496 

which resulted in a 50 mm fibre length). For both fibres, the load dropped right after crack- 497 

ing at about 35-50 N and a decay curve ensued with hardly any upgrade in load. These 498 

values agree with Alwan et al.  47 pull-out loads from tests with shorter straight and 499 
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smooth DRAMIX fibres embedded in concretes with low strengths. Also, Abdallah and 500 

Rees 58 tested straight DRAMIX fibres embedded in concrete with compressive strength 501 

of 33 MPa and recorded similar values. The present tests demonstrate the importance of 502 

hooks in the structural responses of fibrous lightweight concrete, since the hook-less 5D 503 

and 3D fibres only maintained the load until the eventual pull-out. Thus, it can be con- 504 

cluded that the usage of straight fibres is not recommended for lightweight concrete due 505 

to its low densification, resulting in a weak fibre-matrix interfacial bond strength which 506 

causes the smooth straight fibres to pull-out easily. 507 

 508 

Figure 12. Pull-out load-slip behaviour of straight fibres. 509 

It is important to note that for all the preceding specimens examined according to the 510 

pull-out test, any observed upgrade in the uniaxial tensile or pull-out strength (due to the 511 

addition of fibres) might not occur in a different structural element where fewer fibres 512 

than those designed for were actually present in the vicinity of the crack. Other reasons 513 

related to insufficient embedded length and unfavourable fibre orientation angle (for ex- 514 

ample vertical to the tensile load or that which causes concrete fracture above 45°-50°). All 515 

these reasons can lead to lowering the uniaxial tensile strength developed due to fibre 516 

reinforcement. By contrast, a favourable inclination angle (about 20°) and an optimum 517 

embedment length (LE = Lf/2) would enhance the pull-out behaviour and energy dissipa- 518 

tion. For this reason, fibre orientation factor η will be discussed later on to examine its 519 

effect on the post-cracking uniaxial tensile stress. 520 

4.2. Key Characteristics of the Uniaxial Tensile Behaviour of SFRLC 521 

Error! Reference source not found. summarises the key parameters defining the uni- 522 

axial tensile behaviour of fibrous composite. Each of these parameters will be discussed 523 

next.  524 

Table 5. Assessment of the pull-out behaviour.1 maximum tensile stress unfactored (orientation fac- 525 

tor (η0) = 1) of plain or fibrous concrete; 2 work done; 3 average bond stress; 4 equivalent bond stress; 526 
5 ultimate bond stress;6 fibre efficiency. Standard deviation for flcm and flctm,m between brackets. 527 

flcm (MPa) Vf % 
Fibre 

type 

flctm,m1 

(MPa) 

Wtotal 2 

(N.mm) 
τav 3 (MPa) τeq 4 (MPa) τult 5 (MPa) ξ 6 

30.1 (3.8) 0  2.16 (0.13)      

36.5 (4.2) 0  2.36 (0.17)      

44.1 (5.7) 0  2.83 (0.37)      

33.3 (4.1) 1 3D 4.17 (0.39) 1801.6 5.1 3.8 9.83 0.36 
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32.8 (3.3) 1 3D 4.18 (0.41) 2167.8 4.01 2.8 9.85 0.36 

35.0 (4.4) 2 3D 8.96 (0.72) 4655.1     

34.9 (4.1) 1 4D 9.67 (1.02) 4085.8 8.9 4.9 16.6 0.65 

34.6 (3.2) 2 4D 16.03 (1.38) 6073     

34.3 (4.7) 1 4D 9.82 (1.11) 4547.5    0.65 

34.1 (4.1) 1 4D 10.85 (0.82) 2898.5    0.72 

36.2 (6.2)  1 3D 5.12 (0.35) 1551.2 6.93 6.6 12.1 0.44 

34.6 (4.9) 1 5D 10.41 (1.33) 6170.5 9.37 7 16.1 0.45 

44.1 (5.9) 1 5D 8.17 (0.37) 2216    0.36 

44.1 (6.7) 1 5D 11.08 (1.21) 3257.8 17.3 11.04 17.1 0.48 

31.5 (2.1) 0.7 3D* 5.01 (0.59) 1812.8 6.2 3.3 15.2 0.58 

31.0 (8.1) 0.4 3D** 1.55 (0.13) 667.8 3.8 3.9 6.8 0.29 

38.2 (4.9) 1.2 3D** 3.97 (0.41) 903.7     

32.4 (2.1) 1 5D 0.49 (0.08) 325 1.7 1.05 1.26 0.08 

32.4 (6.2) 1 3D 0.53 (0.04) 318 0.6 0.5 0.48 0.04 

4.2.1. Maximum Uniaxial Tensile Stress flctm,m 528 

The maximum uniaxial tensile stress flctm,m is the larger of the uniaxial tensile stress 529 

due to plain concrete flctm,p or the post-cracking residual tensile stress due to fibre concrete 530 

flctm,f1. flctm,p can be calculated using the pull-out response by dividing Pmax for plain speci- 531 

mens by the area of the notch. To calculate the contribution of steel fibres to the tensile 532 

strength of concrete at any instant, the rule of composites is used. Thus, the actual com- 533 

posite stress is: 534 

flctm,fi = σav,f + σc        (1) 535 

σav,f and σc are the average stresses of fibre and concrete, respectively.  536 

From 59,27,60,61, the fibre contribution can be calculated using the following expres- 537 

sion:  538 

σav,f = σfVfη0      (2) 539 

where Vf is the fibre volume fraction and η0 is the fibre orientation factor taken as 0.41. 540 

Hence, Eq. (1) becomes: 541 

flctm,fi = σfVfη0 + σc(1 − Vf)   (3) 542 

The classical contribution of both concrete and steel fibres in a SFRC composite re- 543 

mains true for SFRLC with σf ≈ 0 before cracking and σc = 0 after cracking, since it was 544 

demonstrated from the experiments that practically only steel fibre reinforcement contrib- 545 

utes to tension stiffening for lightweight concrete immediately after matrix cracking. Fol- 546 

lowing cracking, once the maximum pull-out strength Pmax for a single fibre is known, fibre 547 

stress σf can be readily derived using: Pmax/Af with Af as the area of a single fibre. Hence, 548 

at post-peak, the maximum residual stress (or first residual stress flctm,f1) of SFRLC can be 549 

calculated using the following equation: 550 

flctm,f1 = σf(peak)Vfη0 = Pmax Ac⁄ Vfη0   (4) 551 

flctm,m is increased by the addition of fibres, increase in Vf and the number of bends. It 552 

should be noted that the post-cracking residual tensile stress flctm,f1 used to derive flctm,m for 553 

fibrous specimens in Error! Reference source not found. is unfactored. To account for the 554 

random distribution of fibres in a 3D real fibrous concrete structural element, an 555 
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orientation factor is introduced as η0 = 0.41 (27). The orientation factor can be defined dif- 556 

ferently in the literature (η0 = 0.5 62 and variable according to size effect 63). 557 

Fig 13 shows the uniaxial tensile strength flctm,f1 of the SFRLC specimens tested, nor- 558 

malised to  the corresponding plain concrete strength of the same grade flctm,p. From Er- 559 

ror! Reference source not found., the maximum SFRLC post-cracking residual uniaxial 560 

tensile strength flctm,f1 reinforced with Vf = 1% was 54%, 126%, 135%, 92%, 46%, 7% and 561 

15% of plain concrete strength of the same grade flctm,p when fibres of 3D, 4D, 5D, 3D**, 562 

3D*, hook-less 3D and hook-less 5D, were added, respectively. This discrepancy in en- 563 

hancing the residual fibrous tensile resistance of SFRLC between these mixes was essen- 564 

tially emanated from the effectiveness of bond between concrete and steel fibres. Using 565 

Error! Reference source not found., it can be seen that with the addition of Vf = 1%, all 566 

fibres showed a residual tension softening behaviour with the exception of 4D and 5D 567 

fibres, which exhibited a residual tension hardening behaviour. However, with the in- 568 

crease of Vf to 2%, 3D fibres were also able to induce a tension hardening effect based on 569 

flctm,m/flctm,p ratio being larger than 1. 570 

 571 

Figure 13. Normalised uniaxial tensile stress of the specimens tested. 572 

4.2.2. Pull-Out Work 573 

Work done is a measurement of ductility and is estimated by calculating the area 574 

under the pull-out load-slip curve. The work done is governed by three parameters, the 575 

fibre type, fibre volume fraction and embedment length. From Error! Reference source 576 

not found., it appears that the fibre type is the most influential of the three parameters. 577 

For instance, 5D fibres with Vf = 1% brought about a higher total work than 4D fibres with 578 

Vf = 2% for similar LE and concrete strength. Hence, 5D fibres are seen to provide the high- 579 

est work done followed by 4D, 3D, 3D* then 3D**. Also, the higher the volume fraction Vf, 580 

the higher the total work done. Moreover, clearly the larger LE, the more the energy dissi- 581 

pation through fibre frictional pull-out, which in turn translates to a more ductile response 582 

of the pull-out load-slip curve. 583 

4.2.3. Bond Strength 584 

Several equations were developed in the past to quantify and assess the bond behav- 585 

iour between fibres and concrete. The most important of which were summarised in Error! 586 
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Reference source not found.. The average bond stress τav 54 is defined as the maximum 587 

pull-out strength divided by the initial bond area between concrete and embedded fibre: 588 

τav = Pmax πdfLE⁄       (5) 589 

where τav (MPa) is the average fibre-matrix interfacial bond shear stress, df (mm) is the 590 

fibre diameter and LE (mm) is the initial embedment length defined as the shorter length 591 

of the embedded fibre after the crack takes place at the notch in the pull-out specimen. 592 

Since the experiments conducted showed that the embedment length plays no practical 593 

role in altering the maximum pull-out strength, but merely affects the frictional pull-out, 594 

the average bond strength gives a poor estimate of bond if the latter is to be directly linked 595 

to the peak strength. The equivalent bond strength τeq 64 is defined as the fibre-matrix 596 

interfacial bond stress during the entire fibre pulling-out process using the total work due 597 

to fibre pull-out: 598 

τeq = 2Wp πdfLE
2⁄       (6) 599 

where Wp (N.mm) is the total work done by fibre, which is equivalent to the area under 600 

the stress-slip once concrete cracking develops. The equivalent bond strength governs 601 

how effective is the concrete crack control and therefore can be regarded as a direct meas- 602 

ure of evaluating the structural performance including ductility and ultimate loading ca- 603 

pacity of fibrous concrete. Since Pmax is affected only by the fibre hook contribution, then 604 

the embedded length must be at least LE = Le = Lh + 5df for complete fibre hook straighten- 605 

ing. It should be reminded that a higher value of the embedded length LE > Le = Lh + 5df 606 

will not increase the pull-out strength as shown previously. Eq. (4) is rearranged to be- 607 

come: 608 

Pmax = τultπdf(Lh + 5df)      (7) 609 

Hence, the ultimate bond strength of the SFRLC composite with hooked-end fibres 610 

can be written as: 611 

τult = Pmax πdf(Lh + 5df)⁄       (8) 612 

The ultimate bond strength for the fibres mixed with different lightweight concrete 613 

grades are summarised in Error! Reference source not found.. It should be noted that for 614 

the hook-less 3D and 5D fibres, Lh was taken as the total embedded length. 615 

It can be seen from the experimental data that 4D fibres resulted in the highest ulti- 616 

mate bond strength therefore exceeding both 3D and 5D ultimate bond strengths for the 617 

same concrete grade of flck = 30 MPa. On the other hand, 3D** developed the lowest bond 618 

strength amongst hooked-end fibres. Also, it should be noted that by increasing the con- 619 

crete grade, the ultimate bond strength increased as well. This was seen for 5D and 3D 620 

specimens tested with flck = 30 and 40 MPa. In addition, 3D* fibres with Lf/df = 80 aspect 621 

ratio developed an average bond strength 55% higher than that of 3D fibres with Lf/df = 622 

65. Hence, for DRAMIX hooked-end fibres, the high aspect ratio brings about a higher 623 

bond strength. Lastly, the lowest bond strength was calculated for the smooth straight 624 

fibres (i.e. hook-less fibres). 625 

4.3. Fibre Optimisation 626 

In order to determine the fibres that are best suited for reinforcing the lightweight 627 

concrete tested, a brief optimisation study is carried out as discussed next. 628 

4.3.1. Fibre Stress Efficiency 629 

Fibre stress efficiency values are summarised in Error! Reference source not found.. 630 

Fibre efficiency is a direct measure of the effectiveness of fibre reinforcement for a partic- 631 

ular concrete. A very low value indicates an under-performance of fibre reinforcement 632 

while a very high value may indicate over-performance of fibre reinforcement which may 633 

lead to fibre rupture. Also, fibre efficiency can be a direct measure for the calculation of 634 

the formation of plastic hinges and straightening of fibres. Fibre stress efficiency ξ is 635 
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calculated by dividing the maximum stress by the ultimate stress of fibre. Amongst all the 636 

fibres tested, 4D and 3D* fibres showed the highest fibre stress efficiency, followed by 5D, 637 

3D, 3D** and lastly hook-less 3D and 5D. Since 3D, 3D* and 3D** fibres have roughly 638 

identical hook shape and size, the higher aspect ratio and fibre length are therefore the 639 

most responsible parameters for developing fibre stress efficiency given that concrete 640 

strength is kept constant. Increasing the inclination angle led to a greater fibre efficiency 641 

as seen with 4D fibres, however this could cause concrete fracture for the porous light- 642 

weight concrete matrix. A higher concrete grade which means a lower w/c ratio and a 643 

denser concrete matrix would bring about a better bond, which in turn would result in a 644 

higher fibre stress efficiency. Lastly, LE played no factor in increasing fibre stress efficiency. 645 

4.3.2. Fibre Energy and Bond Indices  646 

In order to further investigate the behaviour of SFRLC for fibre optimisation, assess- 647 

ment of energy dissipation and bond strength is vital. Qi et al. 56 aimed to choose the fibre 648 

type best suitable for the concrete tested by defining both the energy dissipation index ηf 649 

and bond strength index ζf using a single fibre pull-out test. 650 

ηf =  Wp AfLf⁄       (9) 651 

ζf = τav AfLf⁄                (10) 652 

However, these two equations need adjustment of the accuracy of their mechanical 653 

meaning based on the pull-out tests carried out previously. This is the case because it was 654 

shown that the fibre length Lf plays no role in enhancing bond strength and minimal role 655 

in energy dissipation when compared to LE. Therefore, Eq. (9) and (10) become: 656 

ηf,actual = Wp AfLE⁄       (11) 657 

ζf,actual = τult Af(Lh + 5df)⁄       (12) 658 

Error! Reference source not found. shows the normalised actual efficiency indices 659 

which are calculated by dividing the actual efficiency indices by the control 3D specimen 660 

actual efficiency indices. It can be seen that the more extensive the hooks, the higher the 661 

energy dissipation efficiency index. Consequently, 5D and 4D fibres recorded the highest 662 

energy efficiency indices due to the longer hooks which increase energy dissipation. Also, 663 

the higher the aspect ratio for similar fibre length, the higher the energy dissipation effi- 664 

ciency index as can be seen with 3D* (af = 80) as compared to 3D and 3D** fibres which 665 

have a similar aspect ratio (af = 65). Fibre bond strength efficiency index varies, with 3D* 666 

having the highest and 3D and 5D fibres recording the lowest values.  667 

 668 

Figure 14. Normalised actual efficiency indices for the pull-out specimens tested. 669 

4.3.3. Fibre Plasticity Study 670 
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As shown previously in Error! Reference source not found., all fibres appeared to be 671 

straightened then pulled-out of the lightweight concrete notched prisms with the excep- 672 

tion of some 5D specimens. When the 5D fibres were not fully straightened, a local frac- 673 

turing of matrix followed, which is an unfavourable mode of failure. Not becoming fully 674 

straightened translates into lack of developing full plastic hinges, which is why 5D fibre 675 

stress efficiency was low. To this end, fibre tensile stress was thought to play a secondary 676 

role in the behaviour of the pull-out specimens, however the high yield stress of 5D fibres 677 

combined with the hook geometry and angles (summarised in Error! Reference source 678 

not found.) are thought to play a negative role in preventing steel yielding of fibre and 679 

thus increase the possibility of fracture. To investigate the latter, Alwan et al. 47 pulley 680 

model, depicted in Fig 15, is adopted to determine the magnitude of the load causing the 681 

plastic hinges to form preceding hook straightening. This theoretical pull-out load was 682 

then compared to the corresponding experimental one. 683 

 

Figure 15. a- Pulley model for 3D fibres and b- FBD for a plastic hinge at a fibre hook (adapted from 684 

47 and 48). 685 

In Error! Reference source not found., FPH corresponds to the cold work needed to 686 

straighten the steel fibre at the location of plastic hinge, Mp is the plastic moment of the 687 

steel fibre and T2 is the chord tension in the fibre. Since the purpose of this section is to 688 

determine the force required to develop plastic hinge and straighten the fibre, FPH was 689 

calculated for 3D, 4D and 5D fibres.  690 

Taking moments about point A.  691 

FPH =  Mp dfcos θ⁄       (13) 692 

The plastic moment Mp is suggested from Alwan et al. 47 who carried out pull-out 693 

experiments of 3D DRAMIX fibres embedded in concrete of w/c ratios ranging from 0.5 694 

to 1.0. In Alwan et al. study 47, the pull-out loads were of around 150-180 N for 3D fibres 695 

whose aspect ratio was 0.6 (df = 0.5 mm, Lf = 30 mm) which are comparatively higher than 696 

the pull-out loads recorded in this work for 3D** fibre with df = 0.55 mm and Lf = 35 mm, 697 

whose pull-out loads were around 90-105 N. The plastic moment from 47 is: 698 

MP = fy ∙ πrf
2 2⁄ ∙ df 3⁄      (14) 699 

with rf as the radius of the fibre. It should be noted that Eq. (14) was thought to be suitable 700 

for concretes where an elastic-plastic condition is sufficient for fibre pull-out. Abdallah et 701 

al. 48 suggested the following plastic moment and criticized that Eq. (14) underestimates 702 

the pull-out for ultra-high strength concrete: 703 

MP = fy ∙ πrf
2 2⁄ ∙ df 3⁄ ∙ π 4⁄         (15) 704 

Based on Alwan et al. 47 theoretical hooked-end 3D fibre pull-out depicted in Error! 705 

Reference source not found. (which agrees with the current experimental study), the 706 

maximum pull-out load is: 707 
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Pmax = P2 = P1 + ∆P′ = P1 +  T1    (16) 708 

where ∆P′ or T1 is the contribution of plastic hinges to pull-out load and P1 is the pull-out 709 

load at the onset of complete debonding. Pmax or P2 can be found from Error! Reference 710 

source not found.. The total number of possible plastic hinges is 2, 3 and 4 for 3D, 4D and 711 

5D fibres, respectively. Since hooked-end and straight fibres pull-out behaviour share only 712 

the pull-out load up to complete debonding P1 48, then according to the tests carried out 713 

on DRAMIX hooked-end fibres P1 = 30-55 N. P1 could also be calculated using an analytical 714 

study by Naaman et al. 65 which is outside the scope of this work.  715 

The pull-out load due to plastic hinges T1 can be calculated for 3D fibres 47 as follows: 716 

T1(3D) = 2FPH [1 +
μ×cos β

1−μ×cos β
] 1 − μ × cos β⁄    (17) 717 

 718 

 719 

 

 

 

 

 

Figure 16. Sketch of the theoretical hooked-end 3D fibre pull-out adapted 47. 720 

With μ as the coefficient of friction between concrete and steel taken as 0.5 and β was 721 

measured and shown in Error! Reference source not found.. Using Eq. (17), FPH can be 722 

calculated and compared to that from Eq. (13). If the experimental FPH from Eq. (17) is 723 

higher than the theoretical one calculated using Eq. (13), then the fibre was straightened 724 

following formation of 2 plastic hinges for 3D fibres. 725 

Abdallah et al. 48 adapted this model to 4D and 5D fibres. 726 

Eq. (16) remains valid for both 4D and 5D since P1 load was similar. By applying the 727 

pulley model in a similar manner to Eq. (17), as depcited in Figs 17 and 18, the pull-out 728 

load due to plastic hinges T1 can be calculated for 4D and 5D fibres as follows: 729 

T1(4D) = FPH [3 + (
2μ×cos β

1−μ×cos β
) [2 (1 +

μ×cos β

1−μ×cos β
) + 1]] 1 − μ × cos β⁄   (18) 730 

T1(5D) = 731 

FPH [4 + (
2μ×cos β

1−μ×cos β
) [3 + 2μ cos β [2 (1 +

μ×cos β

1−μ×cos β
) + 1] + 2 (1 +

μ×cos β

1−μ×cos β
) + 1]] 1 − μ × cos β⁄  732 

(19) 733 
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Figure 17. a- Pulley model for 4D fibres b- theoretical hooked-end 4D fibre pull-out load-slip 735 

adapted from 48. 736 

 

Figure 18. a- Pulley model for 5D fibres b- Theoretical hooked-end 5D fibre pull-out load-slip 737 

adapted from 48. 738 

Error! Reference source not found. shows that the theoretical model to calculate Mp 739 

in Eq. (14) suggested by Alwan et al. 47 seems to overestimate the behaviour of pull-out 740 

since FPH,theoretical > FPH,test for all fibres, which translates into fibres not becoming straight- 741 

ened at the end of the test. Given that all fibres with the exception of 5D were straightened 742 

by the end of the test, a new Equation (20) was proposed to calculate Mp which considers 743 

the comparatively weak lightweight concrete and its porous nature. This equation as- 744 

sumes that the effective distance between the centroids of tension and compression forces 745 

in a plastic stress distribution diagram for steel fibre circular section is  
2rfπ

15
 (

2rf

3
 for Alwan 746 

et al. 47 model and the true distance 
8rf

3π
 for Abdallah et al. 48 model). Thus, for the porous 747 

lightweight concrete, fibres were assumed to not undergo heavy straining after develop- 748 

ing plastic hinges before becoming straightened and eventually pulling out. 749 

MP = fy ∙ πrf
2 2⁄ ∙ df 3⁄ ∙ π 5⁄      (20) 750 

As seen in Error! Reference source not found., the new model marginally underes- 751 

timates the value of FPH by a maximum of 3% for 3D, 3D** and 4D fibres while predicting 752 

that they become straightened (FPH,theoretical < FPH,test). On the other hand, the 5D fibre clearly 753 

does not become straightened according to this model. It should be noted that while the 754 
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majority of 5D specimens appeared to be completely unstraightened, some 5D specimens 755 

looked partially straightened.  756 

Table 6. Summary of experimental and theoretical FPH values. 757 

Type of fibre FPH,test (N) 
FPH,theoretical (N) 

Alwan et al. (1999) 

FPH,theoretical (N) 

Proposed 

3D 73.8 117.6 72.1 

3D** 31.5 42.8 31.1 

4D 131.2 214.2 129.7 

5D 90.5 265.4 166.7 

Considering the preceding discussion, it is safe to assume that unless the concrete is 758 

of high strength and therefore capable of providing strong fibre-matrix interfacial bond, 759 

such as the ultra-high strength concrete tested by Abdallah et al. 48, it is recommended 760 

that multiple-bend fibres with high tensile strength (such as 5D fibres) should not be em- 761 

ployed as reinforcement for concrete with low concrete grade, since they might cause local 762 

fracturing during fibre straightening process. Given that there exists a possibility of matrix 763 

fracture due to 5D fibres not fully developing plastic hinges and becoming straightened, 764 

4D and 3D* fibres appear to be the most efficient fibres for use in the LWAC sampled 765 

tested depending on their structural usage, with the aspect ratio af playing a significant 766 

role in bond strength efficiency while the number of hooks having more impact on energy 767 

dissipation efficiency. Finally, it could be argued that 4D fibres with higher af would fur- 768 

ther increase the efficiency indices and thus enhance the behaviour of SFRLC. 769 

4.4. Proposed Constitutive Tensile σ-ω Model 770 

Although it cannot be used directly for engineering calculations such as beam section 771 

analysis, the tensile stress-crack width (σ-ω) relationship is preferred to the stress-strain 772 

(σ-ε) relationship because it represents the actual behaviour of the fibrous material espe- 773 

cially after cracking. It is derived from analysing the output results of the uniaxial tensile 774 

test, is member size-effect independent, and can be directly applied from the pull-out tests 775 

used to FEM 66. Also, the σ-ω relationship can provide the necessary information needed 776 

to design for the serviceability limit state, including fatigue and shrinkage. To be able to 777 

use the σ-ε relationship for section analysis based on the pull-out tests, the strain values 778 

are derived using the crack width and the structural characteristic length lcs (using the 779 

relation ε = ω/ lcs), which varies depending on specimen size, Vf, fibre type, reinforcement, 780 

loading level and matrix strength. No agreement has yet been achieved to determine lcs, 781 

however for beams, lcs can be chosen as the minimum of srm and hsp, where srm is the mean 782 

distance between cracks, and hsp is the unnotched depth 66,67. It should be noted that the 783 

proposed model ignores the slight drop in load following matrix cracking which lasted in 784 

the range of 0.05 to 0.1 mm slip before the load was increased. This was deemed of negli- 785 

gible practical impact on the accuracy of σ-ω relationship. Error! Reference source not 786 

found. depicts the idealised proposed multilinear stress-crack width relationship based 787 

on the uniaxial tensile pull-out tests for 3D fibres.  788 
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 789 

Figure 19. Multilinear σ-ω relationship for 3D fibres. 790 

Due to the sensitivity of the pull-out machine, the accuracy of measuring the early 791 

slip pre-peak was somewhat limited. Hence, the rule of fibrous composites was adopted 792 

to determine the strain at peak before cracking for plain concrete εtp. The Young’s modulus 793 

of Elasticity of the concrete in tension: 794 

Ect = EmtVm + ηlηoEfVf     (21) 795 

where Emt and Ef are the plain concrete matrix and fibre’s Young’s moduli of Elasticity in 796 

tension, respectively; Vm and Vf are the volume fractions of the matrix and fibres, respec- 797 

tively; ηl is the fibre length efficiency and η0 is the fibre orientation factor. 798 

Similarly to Lok and Xiao 60, it is assumed that the initial modulus of elasticity in 799 

tension is equal to that in compression. Hence: 800 

Emt = Ec      (22) 801 

Also, based on the pull-out tests, it was evident that σf was low since a relatively 802 

negligible increase or decrease in the uniaxial tensile strength of the concrete was recorded 803 

pre-crack for fibrous concrete specimens. Once cracking took place, the load abruptly de- 804 

graded, followed by mobilisation of the fibre crack arresting effect. Therefore, before 805 

cracking takes place, Eq. (21) with Vm ~ 1, becomes: 806 

Ect ≈ Ec     (23) 807 

The strain at peak can now be calculated below with f lctm,p is the stress of the plain 808 

concrete. 809 

εtp = flctm,p Ect⁄       (24) 810 

As previously shown in the pull-out tests, the uniaxial tensile stress at which the 811 

crack took place for SFRLC was similar to that of the plain lightweight concrete. The stress 812 

due to fibres immediately before cracking can be estimated using the following equation: 813 

flctm,f0 = flctm,p     (25) 814 

Plain lightweight concrete uniaxial tensile stress can be written as: 815 

flctm,p = 0.26flcm
2/3

×  (0.4 + 0.6 ρ 2200⁄ )   (26) 816 

Multilinear σ-ω relationship for 3D fibres
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Eq. (26) was adapted from Eurocode 2 68, where flcm (MPa) is the mean compressive 817 

strength of lightweight concrete based on the cylinder compression tests and ρ is the oven 818 

density of concrete (kg/m3). Using the above equation, R2 was found to be 0.96. 819 

From Error! Reference source not found., the first residual uniaxial tensile stress flct,f1 820 

of SFRLC which takes place after cracking as peak of either tension hardening or soften- 821 

ing, can be derived using Eq. (4) from the pull-out test or regression Eq. (27) (R2 = 0.95). 822 

The crack width ωt1 at flct,f1 varied for all the SFRLC specimens, with specimens having 823 

stronger fibres showing the highest ωt1. For the majority of specimens, ωt1 ranged from 0.4 824 

to 0.5 mm for 3D, 0.5 to 0.8 mm for 4D and 1.1 to 1.4 mm for 5D. This largely agrees with 825 

Abdallah et al.  58 pull-out tests on normal strength concrete of 33 MPa. The residual slip 826 

ωt1 can also be calculated based on the following regression Eq. (28) (R2 = 0.89). The fibre 827 

reinforcing factor ρf = Vf(Lf + Le)/df (δ ∙ κ) detailed elsewhere and ρ’f  = ρf (for Vf = 1%). 828 

flct,f1 = η0Vfflctm,pρf
′ (172.1 + 35.5flctm,pρf

′
)   (27) 829 

ωt1 = 0.2124ρf
′2

+ 0.3775ρf
′     (28) 830 

Using the idealised stress-crack width relationship in Error! Reference source not 831 

found., the load drops at a further slip of 2 mm to 3 mm. This was denoted as ωt2. After 832 

thorough inspection of the pull-out tests, ωt2 was deemed to be approximately equal to 833 

the hook arm L2 shown in Error! Reference source not found.. The observation that ωt2 = 834 

L2 is also supported by the work carried out on hooked end fibres by 47 and recent revi- 835 

sions from Abdallah et al.  58 pulley model on DRAMIX hooked-end 3D, 4D and 5D fi- 836 

bres. In the latter paper, after fibre debonding 2 plastic hinges were developed for 3D 837 

fibres (3 plastic hinges for 4D and 4 plastic hinges for 5D fibres). At this stage, the second 838 

residual pull-out stress due to fibre contribution was recorded. Once the slip reaches L2, 839 

the mechanical anchorage mechanism becomes supported by only 1 plastic hinge for 3D 840 

fibres, 2 for 4D fibres and 3 for 5D fibres, which therefore results in a significant drop in 841 

the pull-out load. From the pull-out tests, the second residual pull-out stress flct,f2 recorded 842 

at ωt2 = L2 was in the range of 30 to 40% lower than flct,f1 for all the 3D, 4D and 5D specimens. 843 

Thus, for design purposes: 844 

flct,f2 = 0.60 × flct,f1     (29) 845 

When the crack width ωtu = Lh (the full length of the hook), the load drops significantly 846 

and only frictional pull-out becomes thereafter responsible for the SFRLC behaviour, 847 

while 1 plastic hinge and 2 plastic hinges remain responsible for 4D and 5D behaviours, 848 

respectively. Hence, at ωtu = Lh, the load drops to about 10 to 25% for all the specimens 849 

tested and frictional pull-out starts to take place. Thus, the stress flct,fu can be written as: 850 

flct,fu = 0.10 × flct,f1     (30) 851 

It is vital that the hook of the fibre is fully embedded in concrete for the fibrous mix 852 

to develop the maximum residual stress flct,f1, hence the final crack width can be written 853 

as: 854 

ωLe = Le = Lh + 5df     (31) 855 

where ωLe is the effective length crack width in (mm). For Design purposes the ultimate 856 

tensile strength flct,f4 can be assumed to be 0. 857 

A similar semi-empirical approach can be adopted to derive the tensile behaviour of 858 

4D and 5D fibres. The proposed multilinear uniaxial tensile σ-ω relationships suggested 859 

are specific to the type of fibre used and depend on experimental strength reduction fac- 860 

tors fully based on the pull-out tests. Hence, these reasons render the models laborious 861 

and reliant on uniaxial tensile tests. In order to make the model more generic (covering 862 

hooked-end, crimped or straight fibres embedded in concrete matrices with different 863 

strengths), easy to use and to avoid any reliability on the pull-out or uniaxial tensile tests, 864 

the generic model in Error! Reference source not found. is suggested.  865 
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 866 

Figure 20. Proposed generic constitutive σ-ω model for plain and fibrous lightweight concrete. 867 

The tensile stress in Error! Reference source not found. is explained in the equations 868 

below. 869 

flct = {

Ect ∙ εt                               if  εt ≤ εtp

flctm,f0  + (flct,f1 − flctm,f0)ωt ωt1⁄

flct,f1e−ζ              if ωt1 < ωt ≤ ωtu

if 0 < ωt ≤ ωt1  (32) 870 

ζ = (ωt − ωt1) ωtu⁄ ∙ nb ρf⁄      (33) 871 

The tensile stress should be 0 at ωLe. ωtu is Lh for hooked end fibre, length of one wave 872 

or turn of the crimped fibres and length of straight fibre/10. nb is the number of bends in 873 

one hook (1 for 3D, 2 for 4D and 3 for 5D). nb is taken as half the total number of waves 874 

for crimped fibres (usually 4 or 3), and 5 for straight fibres.  875 

4.5. Validation of the Tensile σ-ω Model 876 

In order to validate the proposed model above, the average experimental uniaxial 877 

tensile behaviours of 3D, 4D and 5D fibrous specimens are shown against the predictions 878 

of the proposed model in Error! Reference source not found.. 879 

 880 

Figure 21. Predicted behaviour of uniaxial tension for 3 different specimens. 881 
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It can be seen that the proposed tensile σ-ω model predicted the uniaxial tensile be- 882 

haviour of different fibrous specimens with good accuracy. For 3D and 4D specimens, the 883 

first residual tensile stress flct,f1 was underestimated by 4% and 6%, respectively, while for 884 

5D specimen an overestimation of 2% was noted. The predicted slip ωt1 was within 20% 885 

of the actual one. However, this inaccuracy in slip predictions was on the conservative 886 

side and can be blamed for by the high variability in slip results stemmed from the nature 887 

of the pull-out test. This observation was also reported by Barragán et al. 57, who con- 888 

ducted uniaxial tensile tests on SFRC (3D fibres) cylinders with comparable strengths of 889 

30 MPa to the notched prisms tested. The proposed constitutive model assumes that the 890 

ultimate crack width is the minimum required for adequate embedment of hooks (equiv- 891 

alent to the effective embedment length ωLe = Le = Lh + 5df), which enables the development 892 

of the bond required to fully straighten the fibres. For this reason, the final slip predictions 893 

were conservative as the experimental uniaxial tensile behaviour was based on pull-out 894 

specimens with an embedment length LE of around 25 mm which is larger than Le. Hence, 895 

although conservative during the post-peak, the suggested model is seen to be successful 896 

at predicting the tensile σ-ω behaviour of the tested specimens. 897 

As previously discussed in Section Error! Reference source not found., only a hand- 898 

ful of research work on the uniaxial tensile stress-strain or stress-crack width behaviour 899 

of SFRLC exists. De Montaignac et al. 66 work on the tensile behaviour of SFRC notched 900 

cylinders was investigated. De Montaignac et al. 66 carried out uniaxial tensile notched 901 

cylinders tests according to RILEM TC 162-TDF 42 on normal weight concrete of strength 902 

ranging from 45 to 63 MPa reinforced with 3D** and 3D* fibres, and generated uniaxial 903 

tensile σ-ω curves. Although, the concrete was not lightweight, it is interesting to check 904 

the reliability of the proposed uniaxial tensile σ-ω law since it mainly depends on the type 905 

of fibre and the plain concrete strength, which were provided by De Montaignac et al. 66. 906 

Error! Reference source not found. shows the proposed constitutive model predic- 907 

tion of the experimental notched cylinders uniaxial tensile σ-ω behaviour for concrete re- 908 

inforced with 3D* fibres of Vf = 1% from De Montaignac et al. (2011). It is evident that the 909 

proposed model was successful at predicting the uniaxial tensile behaviour of SFRC. The 910 

model underestimated the peak post-cracking tensile stress by only 3% and overestimated 911 

the residual stresses by an average of 5-10% after a crack width of 1.9 mm. 912 

 913 

Figure 22. Prediction of 66 uniaxial stress-crack width behaviour of SFRC notched cylinders rein- 914 

forced with 3D* fibres of Vf = 1%. 915 

Error! Reference source not found. shows the proposed constitutive model predic- 916 

tion of the experimental notched cylinders uniaxial tensile σ-ω behaviour for concrete re- 917 

inforced with 3D** fibres of Vf = 1% from De 66. As previously noted, the proposed model 918 
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ignored the dip in stress which takes place at 0.1 mm slip after cracking, commonly ob- 919 

served in uniaxial tests such as this one and 57. This should have little to no effect on the 920 

prediction of the behaviour of load-deflection of structural elements using the structural 921 

characteristic length lcs to derive strain (such as in 67). The proposed constitutive σ-ω 922 

model predicted the uniaxial tensile behaviour of SFRC with good accuracy and was con- 923 

servative by an average of 8-12% at all levels. 924 

 925 

Figure 23. Prediction of 66 uniaxial stress-crack width behaviour of SFRC notched cylinders rein- 926 

forced with 3D** fibres of Vf = 1%. 927 

4.6. Fracture Energy Gf 928 

Using the proposed tensile constitutive σ-ω relationship based on the pull-out exper- 929 

iments, the fracture energy of the fibrous mixes can be calculated using: 930 

GF = ∫ flct
ωLE

ωc=0
(ω)dw    (34) 931 

GF for each of the mixes is summarised Error! Reference source not found. for con- 932 

crete of flck = 30 MPa. It could be observed that the main reasons behind the differences in 933 

GF values are the number of bends nb, fibre hook length and fibre volume fraction. The 934 

larger nb, hook length and Vf, the more the energy absorbed to deform and straighten the 935 

fibre and hence the higher the fracture energy GF produced per unit width of crack. From 936 

Error! Reference source not found., it can be seen that the highest GF is generated by sam- 937 

ples with 4D and 5D fibres, while those with 3D** fibres generated the lowest GF. It was 938 

not possible to calculate the fracture energy for plain lightweight concrete as the machine 939 

was not stiff enough to record the insignificant crack width recorded following concrete 940 

cracking using the uniaxial tensile pull-out test.  941 

Table 7. Fracture energy based on the proposed constitutive uniaxial tensile model. 942 

Fibre type Vf GF (N/mm) 

3D 
1% 5393 

2% 13253 

4D 
1% 17433 

2% 44892 

5D 
1% 23563 

2% 60589 

3D* 
1% 9389 

2% 22045 
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3D** 
1% 4872 

2% 11654 

4.7. Conclusions 943 

In the present experimental investigation, a direct tensile test was designed to exam- 944 

ine the pull-out load-slip and uniaxial tensile behaviour of recycled lightweight aggregate 945 

concrete. Severasl parameters were included in the study, such as fibre geometry (nb, af, 946 

Lf), volume fraction Vf and compressive strengths flck. It can be concluded that: 947 

• The designed pull-out test showed a truer representation of a tensile crack being 948 

bridged by fibres on the macro level in a structural member. Also, using the area of 949 

the notch in which the fibre(s) was embedded, it was possible to regard the pull-out 950 

test as a uniaxial tensile test of plain and fibrous lightweight concrete. 951 

• Due to the absence of a natural tension-stiffening mechanism, plain lightweight con- 952 

crete was found to fail in a sudden brittle manner once it reached its peak tensile 953 

strength. The addition of fibres to lightweight concrete was seen to drastically en- 954 

hance both tensile strength and ductility including work and fracture energy, once 955 

the main tensile crack was initiated. Before the latter took place, a negligible increase 956 

in strength was seen. The higher the number of fibre bends nb, fibre aspect ratio af, 957 

fibre length Lf, fibre dosage Vf and plain concrete compressive strength flck, the higher 958 

the post-cracking tensile strength and ductility of the fibrous composite. The embed- 959 

ded length LE was found to only enhance ductility of SFRLC. It was found that a 960 

minimum value of LE = Lh +5df is required for the hooked-end fibres to bond ade- 961 

quately and develop maximum pull-out load Pmax. Also, although the increase in fibre 962 

inclination angle ϴf was found to increase post-cracking tensile strength as compared 963 

to ϴf = 0°, in some instances where ϴf = 45°, the concrete fractured. An inclination 964 

angle of about 20° was found to add tensile strength without compromising ductility. 965 

It was found that smooth fibres were ineffective at increasing strength of SFRLC and 966 

merely enhanced ductility via frictional pull-out. 967 

• A new ultimate bond strength equation to quantify the behaviour of hooked-end 968 

steel fibres in lightweight concrete was suggested based on the pull-out tests. It was 969 

found that 4D fibres showed the highest bond strength while 3D** showed the lowest 970 

bond strength. Also, the maximum uniaxial tensile stress for SFRLC specimens was 971 

determined while taking into consideration the random distribution of fibres in a 972 

practical situation. 973 

• A fibre optimisation study was carried out and concluded that incorporating multi- 974 

ple-bend fibres such as 5D which also had a high tensile strength of 2300 MPa, with 975 

concrete of strength of 30 MPa can cause local fracturing of lightweight concrete ma- 976 

trix. This is attributed to the difficulty of concrete to allow plastic hinge formation 977 

then straightening of the fibre during the pull-out process. Hence, it is advised that 978 

5D fibres should not be employed as reinforcement for concrete of low grade. Also, 979 

3D* and 4D fibres appeared to be the most efficient and optimum for reinforcing the 980 

lightweight concrete tested of strengths of 30-45 MPa, with the aspect ratio af playing 981 

a significant role in bond strength efficiency while the number of bends nb having 982 

more impact on energy dissipation efficiency.  983 

• A semi-empirical constitutive tensile stress-crack width (σ-ω) model for fibrous light- 984 

weight concrete based on the experimental testing was derived. The equations defin- 985 

ing the residual tensile strengths flct,f1 and crack widths ωt1 were based on regression 986 

analysis. The model showed its success at predicting the uniaxial tensile behaviour 987 

of SFRLC specimens. Since the model relies on fibre reinforcing factor ρf (which is 988 

based on fibre geometry and fibre volume fraction), and plain compressive or tensile 989 
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strength, the model was also capable of validating the uniaxial tensile behaviour of 990 

steel-fibre-reinforced normal weight concrete from previous literature. 991 

• The benefits of steel fibres in addressing the brittlness of lightweight concrete is of 992 

particular interest to designers and practitioners. This is in addition to the construc- 993 

tion time savings from using fibres (which are simply added to the mix, as opposed 994 

to steel laying). Using recycled-waste-based aggregates alongside fibres also adds to 995 

these practical benefits. The proposed constitutive model will allow designers to 996 

carry out more detailed analysis and design simulations in order to better understand 997 

the structural responses.    998 

• In terms of future work, more research on SFRLC needs to be carried out at the struc- 999 

tural level to include a comprehensive experimental testing programme of structural 1000 

beams of different boundary and loading conditions, cross sections, spans, and shear 1001 

configurations. Numerical modelling can also be performed using the proposed ma- 1002 

terial model. Some structural testing and finite-element analyses have been already 1003 

undertaken, which will be reported in follow-up articles. The long-term behaviour of 1004 

fibrous concrete remains largely unquantified by current standards, so this will ben- 1005 

efit from further examination.   1006 

Notation 1007 

flck,cube characteristic cube compressive stress 
flck characteristic cylinder compressive stress 
flc cylinder compressive stress 
flcm mean compressive cylinder stress 
flcm,p mean compressive cylinder stress of plain concrete 
flcm,cube mean cube compressive stress 

flctm,m maximum uniaxial tensile stress 

Af area of a single fibre  

df fibre diamter  

Elcm mean value of Young’s modulus of elasticity 
Elcm,f peak elastic modulus of SFRLC 
nb number of bends 
df diameter of fibre 

Le effective fibre anchorage length 

LE embedded length of fibre 

Lf length of fibre 

κ fibre material factor 

ρf fibre reinforcing factor 

δ fibre shape factor 

Pmax maximum pull-out strength for a single fibre 

Vf fibre volume fraction 

Wp total work done by fibre  

μlc Poisson’s ratio 
ε strain 

εlc1 strain at peak compressive stress of LWAC 
εlcf strain at peak compressive stress of SFRLC 
εt1 strain at post-cracking first residual tensile stress 
εlcu strain at ultimate compressive stress of LWAC 
εlcf,ult strain at ultimate compressive stress of SFRLC 

η0 fibre orientation factor 

σf fibre stress 

τav fibre-matrix interfacial bond shear stress 

τult ultimate bond strenght of SFRLC matrix 
σ stress 

σav,f average stress of fibre 
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σc average stress of concrete  

σy fibre yield stress 

σu fibre ultimate stress 

Ef Young’s modulus of elasticity fibre 

SFRLC Steel Fibre Reinforced Lightweight Concrete 

LWAC Lightweight Aggregate Concrete 
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